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TOEPLITZ AND HANKEL OPERATORS FROM BERGMAN TO 
ANALYTIC BESOV SPACES OF TUBE DOMAINS OVER SYMMETRIC 

CONES. 

CYRILLE NANA AND BENOIt F. SEHBA 


Abstract. We characterize bounded Toeplitz and Hankel operators from weighted Bergman 
spaces to weighted Besov spaces in tube domains over symmetric cones. We deduce weak 
factorization results for some Bergman spaces of this setting. 


1. Introduction 

Let n > 3 and T) = M” + iO. be the tube domain over an irreducible symmetric cone O 
in Following the notations of [T3] we denote the rank of the cone by r and by A 
the determinant function of M"". As example of symmetric cone on we have the Lorentz 
cone which is a rank 2 cone defined for n > 3 by 

An = {(yi, • • • ,yn) e : yf-yn > 0, yi > 0}, 

the determinant function in this case is given by the Lorentz form 

A(y) =yl - yl- 

We shall denote by T-L(T>) the space of holomorphic functions on V. 

For 1 < p < cx) and u € M, let Ln,{V) = LP{'D, A'^~r (^y^dx dy) denotes the space of 
functions / satisfying the condition 

\\f\\p,u = \\f\\LP{v)-= (^J^\fix + iy)\PA’^-^{y)dxdy'^ < oo. 

Its closed subspace consisting of holomorphic functions in V is the weighted Bergman space 
Av{V). This space is not trivial i.e. A^{V) ^ {0} only for u > ^ — 1 (see [T3]L 

The weighted Bergman projection is the orthogonal projection of the Hilbert space 
L^(P) onto its closed subspace It is well known that is an integral operator given 

by 

Puf{z)= f K^{z,w)f{w)dVu{w), 

Jv 

where K^{z, w) = ig the weighted Bergman kernel, i.e. the reproduc¬ 

ing kernel of A^{T>) (see [Hj). Here, we use the notation dVu{w) := A'^~~ {v)dudv, where 
w = u + iv is an element of P. The unweighted case corresponds to u = ^. 
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It is known that the weighted Bergman projection Pi, cannot be bounded on Ly{'D) for p 
large (see m, m)- Consequently, the natural mapping from Af, (T>) (^ + ^ = 1 ) into the 
dual space {Ay{'D))* of Af,{'D) is not an isomorphism for such values of the exponent p (see 
IS])- In ISI, it is also shown that the boundedness of Pi, on Lf,{'D) for p > 2 is equivalent to 
the validity of the following Hardy-type inequality for / G Af,(T>): 

( 1 - 1 ) j j \f{x + iyW A^~^{y)dxdy < C jj \A{y)af{x + iy)fA^~^{y)dxdy, 

where □ = A(-I^) denotes the differential operator of degree r in MP dehned by the 
equality: 

(1.2) □ x, ^ € M”. 

When o holds for some p and v, we speak of Hardy inequality for {p, u). This leads to 
the following definition of analytic Besov space ]Bi)(P), 1 < p < oo, v G W. 

Let m G N, we denote 

■= {F G niV) : = 0} 

and set 

nmi-D) = n{v)jAf„i. 

For simplicity, we use the following notation for the normalized operator Box operator: we 
write 

(1.3) A™n™F(2) := A^{^z)n^F{z). 

We will use the same notations for holomorphic functions and for equivalence classes in Tim- 
We observe that, for F G 'Hm, we can speak of the function O^F. Given G M, 
1 < p < oo the Besov space is defined as follows 

Ml := {F G'Hkoi'D) : A^°D^°F G Ll} 

endowed with the norm ||T||bp = \\A^°n^°F\\j^p. Here ko = kQ{p,p) is fixed by 

(1.4) 

ko{p, v) := minj/c >0: v + kp > -1 and Hardy’s inequality holds for (p, v + pk) }. 

Each element of is the equivalence class of all analytic solutions of the equation n^°F = g, 
for some g G Consequently, these spaces are null when v + kop < ^ — 1 . We also 

observe that for 1 < p < 2 and v > 7 — 1 , Ml{T>) = Al{'D) since the Hardy inequality (11.111 
always holds in this range (see 0 )- When p > 2, we have the embedding of Al(T>) into 
Ml{V). 

For p = 00 , we define the Bloch B = B°° of P as follows: Let m* be the smallest integer 
m such m > 7 — 1 , 

M:= {F GnmAT^) ■ A™*n’"*F G L°°}. 

Our interest in this paper is the boundedness of two operators, namely the Toeplitz 
operator with symbol a measure p and the (small) Hankel operator with symbol b from the 
Bergman space Al{V) into the Besov space Ml{V). Note that usually in bounded domains 
as the unit ball, for the study of the boundedness of Toeplitz and Hankel operators between 
Bergman spaces, one needs among others a good understanding of the topological dual 
space of the target space. The choice of B^(P) as the target space is suggested not only 
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by the lack of continuity of the projection P^, on L’l{'D) for large values of q but also by 
the fact that B^(P) is the dual space of of the Bergman space Al (P) (| + ^ = 1) for an 
adapted duality pairing. 


2. STATEMENT OF RESULTS 


In this section, we present the main results of the paper. Our first interest in this paper 
concerns Toeplitz operator from a Bergman space to a Besov space. Recall that for a 
positive Borel measure /r on P and u > 7 — 1, the Toeplitz operator is the operator 
defined for any function / with compact support by 

(2.5) r^/(z) := / K„{z,w)f{w)d^i{w), 

Jv 

where K^, is the (weighted) Bergman kernel. Boundedness of Toeplitz operators between 
Bergman spaces of the unit ball was treated in [22], the method used Carleson embedding 
and thus for estimations with loss, techniques of Luecking m- We will essentially make use 
of the same idea. We note that Carleson embeddings for Bergman spaces of tube domains 
over symmetric were obtained by the authors in [2T]. We shall then prove the following 
result. 

lO Tl I -I Tl I -j 

Theorem 2.6. Letl < p < q < 00 , q>2, a,P,iy > 7 -I withu > ^-1+^—|-—. 

Define the numbers A = 1 + | — | and A 7 = • Assume that fi' = /3+(u—/3)g' > ^ —1. 

Then the following assertions are equivalent. 

(a) The operator Tjf extends as a bounded operator from A^{V) to ]B^(P). 

(b) There is a constant C > 0 such that for any 6 € (0,1) and any z € V, 

(2.7) hiBsiz)) < CA^(^+v)(3mz). 


We have also this estimation with loss result. 


/O Tt I -1 TL I -j 

Theorem 2.8. Let 2 < q < p < 00 , a,l3,n > ^ - l with u > J -1 + I - 

Define the numbers A = 1 + | — | and A 7 = u + ^ — ^. Assume Pu+m is bounded on LS(P) 
for some integer m. Then the following assertions are equivalent. 

(a) The operator Tjf extends as a bounded operator from Aa{D) to ]B^(P). 

(b) For any 6 G (0,1), the function 


belongs to ^\d). 


V 3 ze^ 


t{Bs{z)) 

(Tsmz) 


Our second interest concerns (small) Hankel operator. For b G A^ifD), the (small) Hankel 
operator with symbol b is dehned for / G by 

ht\f) = h,{f) ■.= PAbl). 

Boundedness of Hankel operators between Bergman spaces on the unit ball was considered 
in m (see also the references therein) where a full characterization has been obtained for 
estimates without loss, i.e hb : Aa 1 —>■ A% with 1 < p < g < 00 . The estimations with loss 
(i.e. the case p > q) were recently handled in |23| closing the question for the unit ball. Note 
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that to deal with this last case, the authors of [23] for the necessary part used an approach 
due to Luecking for Carleson embeddings m- We are interested here in the question of 
the boundedness of hb from the Bergman space Ay{T>) into the Besov space By(P). For 
the case of estimations with loss, we also use an adaptation of Luecking techniques for the 
necessary part as in |23|. Let us denote 

u iy + 2^-1 

Qu = l + ^ 3 -, and —. 

r r 

We shall the prove the following. 


Theorem 2.9. Let < p < Qu and v > 7 — 1- Then the Hankel operator hb is bounded 
from A^(V) into Bv{V) if and only if b = P^g for some g € 

Theorem 2.10. Let l < p < q < 00 and a,/?,i />7 — 1, | + ^ = | + ^ = 1- Define 
/3' = /3 + (zy - I3)q'; i + ^ = i < 1; ^ = 2; i + ^ = 1 and ^ ^ = I/. Assume 

moreover that 

/3 + f-l /3-^ + l, ^ ^ 

maxjl,-,-^TTTt < Q < 

V u — - + 1 

r 

Then the following hold. 

(i) extends into a bounded operator from Aa{V) to 

(ii) For some integer m large enough, 

G L°°{V). 


Theorem 2.11. Let 2 < q < 00 and > ^ — 1, | + ^ ~ Define 

= j5+{v - /3)q'; l + L = -i<l;^ + |^ = 2 ;i + L = i and ^ + P = u. Assume that 


( 2 . 12 ) 


/ 3-7 + 1 

i^-7 + l 


< q 


and 

/ N 1 / n , 1 , n , n 

(2.13) —(cr-1“ 1) “I— 7(/3 - |-l)<i^-hi. 

p r q' r r 


Then the followig assertions hold. 


(i) Ifb is the representative of a class in B®^, then the Hankel operator extends into 
a bounded operator from A^ifD) to B^(P). 

(ii) If there exists a > 7 — 1 such that P„ is bounded on La (D) and if h^^^ extends into 
a bounded operator from A^{'D) to B^(I?), then b is the representative of a class in 



Given a function / in a Bergman space of some domain, if we can write f as f = gh where 
g and h are in some different Bergman spaces, then we say / admits a strong factorization. 
C. Horowitz has proved that this is the case for Bergman spaces of the unit disc [T 8 |. This 
does not longer happen in higher dimension as proved in m- However, it is still possible 
to obtain the so-called weak factorization. 
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For two Banach spaces of functions A and B defined on the same domain, the weak 
factored space Al^ B is defined as the completion of finite sums 

/ = '^9jhj,{gj} C A,{hj} C B 
j 

endowed with the following norm 

ll/IU(8)S = inf{^ IbilUllhjIls : / = Y^gjhj}. 

j j 

Given 0 < p,q,s < oo and a,(3,'y, whenever the equality At^{T)) = A^{T)) holds, 

we say Ai^{T>) admits a weak factorization. In the case of the unit ball of C”, that 
weak factorization holds for Bergman spaces with small exponent (i.e. 0 < s < 1) is a 
consequence of the atomic decomposition of these spaces. This result was quite recently 
extended to large exponents (s > 1) by J. Pau and R. Zhao in [23] as a consequence of 
estimations with loss for the Hankel operators. As a consequence of our characterization 
of bounded Hankel operators, we have the following result for weighted Bergman spaces of 
our setting. 


Theorem 2.14. Let l < p,q < oo and a, I3,v > - — 1 so that 


— {a -1" f) “I— {P - \-1) u -hi 

p r q r r 

holds. Define ^ ^ | < I (^nd ^ ^ + g- Assume that is bounded on AafiD) for 

some a > - — I, and that 

(2.15) 

max{g^,- f -, -- < s < qy and max{g^,- ^ ^ ^ } < q < q/^] 




or 

(2.16) 

Then 


I < s < 2 and I < q <2. 


Ai,{V) = Al(V)^Al{V). 

We also have the following when the weights are the same. 


Theorem 2.17. Let l < p,q < oo and lA > J — I. Assume that Py is bounded on both 
Lu{D) and Ll{'D), and put y = ^ + | < 1- Then 


Al{V) = Al{V)^Al{V). 

As usual, given two positive quantities A and B, the notation A < B (resp. A > B) 
means that there is an absolute positive constant C such that A < CB (resp. A > CB). 
When A < B and B < A, we write A B and say A and B are equivalent. Finally, all 
over the text, C, Ck, Ckj will denote positive constants depending only on the displayed 
parameters but not necessarily the same at distinct occurrences. 
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3. Some useful notions and results 


3.1. Symmetric cones and Bergman metric. Let 0 be an irreducible symmetric cone 
in the vector space V = M”. Denote by G(fi) be the group of transformations of M” leaving 
invariant the cone D, and by e the identity element in V. We recall that D induces in D a 
structure of Euclidean Jordan algebra, in which Q = {x^ : x G E}. It is well known that 
there is a subgroup H of G(D) that acts simply transitively on D, that is for x,y € there 
is a unique h ^ H such that y = hx. In particular, VL = H ■ e. 

If we denote by M"' the group of translation by vectors in M”, then the group G{T)) = 
M"’ X H acts simply transitively on T). 

Let us consider the matrix function {gjk]i<j,k<n on V given by 

2n _ 

where K{w,z) = c(n/r)A““is the (unweighted) Bergman kernel of V. The map 
z G V Qz with 

gz{u,v)= ^ gjk{z)UjVk, U = {Ui,. . . ,Un), V = {Vi, . . . ,Vn) & C"- 
l<j, k<n 

defines a Hermitian metric on C”', called the Bergman metric. The Bergman length of a 
smooth path 7 : [ 0 , 1 ] —)■ D is given by 

Kl)= j dt 

Jo 

and the Bergman distance d{zi, Z 2 ) between two points zi, Z 2 € 'D is defined by 

d{zi,Z 2 ) = inf ^( 7 ) 

7 

where the infimum is taken over all smooth paths 7 : [ 0 , 1 ] —> D such that 7 ( 0 ) = zi and 

7(1) = 22- 

For J > 0, we denote by 

Bsiz) = {w : d{z,w) < 5} 

the Bergman ball centered at z with radius 5. 

We refer to [H Theorem 5.4] for the following. 

Lemma 3.1. Given 6 G (0,1), there exists a sequence {zj} of points of V called 5-lattice 
such that, if Bj = Bs(zj) and B'- = Bs{zj), then 

(i) the balls B'- are pairwise disjoint; 

(ii) the balls Bj cover V with finite overlapping, i.e. there is an integer N (depending 
only on B) such that each point of V belongs to at most N of these balls. 


The above balls have the following properties: 



dE.(z) ^ CsA’^+^/'^i^Zj). 


We recall that the measure d\{z) = A (f^mz)dV(z) is an invariant measure on T> under 
the actions of G(V) = M”' x H. 
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Let us denote by lu, the space of complex sequences (3 = such that 

j 

where is a (5-lattice. 

The following is quite easy to check. 

Lemma 3.2. m Lemma 2.11.1 ] Suppose 1 < P < oo, u and are reals. Then, the dual 
space (lu)* of the space If, identifies with under the sum pairing 

j 

where rj = {r]j} belongs to if and fi = {fij} belongs to with ^ ^ = 1- 

Note that in the text, the space F, is the usual sequence space. 

The following result known as the sampling theorem. 


Lemma 3.3. [H Theorem 5.6] Let be a 6-lattice inV, 6 ^ (0,1) with zj = Xj -\-iyj. 

The following assertions hold. 

(1) There is a positive constant Cs such that every f G AfifD) satisfies 

\\{f{zfi}\\il<C5\\f\W. 

(2) Conversely, if 6 is small enough, there is a positive constant Cs such that every 
f € Af{'D) satisfies 

\\f\\p,u<Cs\\{fizj)}\\iC 

We will need the following consequence of the mean value theorem (see [1]) 


Lemma 3.4. There exists a constant C > 0 such that for any f € TL{V) and 6 G (0,1], 
the following holds 


(3.5) 


\f{z)\P<C6-^ 



dViO 

A^"'/^(3mC) 


We finish this subsection with the following pointwise estimate of functions in Bergman 
spaces. 


Lemma 3.6. [U Proposition 3.5] Let 1 < p < oo, and v > ^ — 1. Then there is a constant 
C > 0 such that for any f G Af(V) the following pointwise estimate holds: 

(3.7) \fiz)\ < CA--r^’^+^\^z)\\f\Ur, for all z G V. 

3.2. Isomorphism of Besov spaces. Let us denote by 'Bf’^^\'D) (respectively ]B°°’(^)) the 
space obtained by replacing ko (respectively mfi) hy k > (respectively k > mfi) in the 
definition of 'BfifD) (respectively B°°’(™')). Then it is not hard to prove the following result 
(see [6] for details). 


Proposition 3.8. The natural projection 


Mf’^^\'D) {respectively [respectively B°°’(™^) 

F Mk I—^ F -|- Nm is an isomorphism of Banach spaces. 
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We will heavily make use of the above proposition. 


3.3. Bergman kernel and reproducing formulas. The (weighted) Bergman projection 
Pi, is defined by 

Puf{z)= [ K„{z,w)f{w)dV,y{w), 

Jv 

where Ky{z,w) = c,^ A~^'^~^^\(z — w)/i) is the Bergman kernel, i.e the reproducing kernel 
of (see [S]). Here, we use the notation dVy{w) := A^~r [v)dudv, where w = u + iv is 
an element of P. 

We recall that the Box operator □ acts on the Bergman kernel in the following way: 

(3.9) .) = C.^mK.+Az ,.) 

(see [7]). 

We will need the following integration by parts formula which follows from the density 
of the intersection of two Bergman spaces in each of them (see 0 ). For V > j 
1 < p < oo and / G Ay, g € Af, , we have the formula 

(3.10) [ f{z)g{z)dVy{z) = Cy^rn [ fiz)a'T^g{z)A"^{^z)dVy{z). 

Jv Jv 

Using an adapted version of the above formula for the Box of functions, we can prove the 
following (see [B] for details). 

Proposition 3.11. Letv > ^ - l and l < p < cx). For all f e At we have the formula 

(3.12) ^^f{z) = c [ Ky+e{z,w)a^f{w)A^{^w)dVy{w) 

Jv 

for m > 0 and i large enough so that Ky^£{z, •) is in Lt . In particular, when 1 < p < py, 
the formula is valid with i = 0. 

Corollary 3.13. Let l < p < py and u > y — l- Then, any f G At satisfies the formula 

(3.14) f{z)= f Ky{z,w)f{w)dVy{w). 

Jv 

The following is Proposition 2.19 in [ 6 ]. 


Proposition 3.15. Let /r, z^, a G M and l < p < oo satisfying 

n + a > -1, up — p, > [p — 1)[ -1) and p + ap > (p — 1)(-1)-. 

r r r r 

Then, the function z i-A A^“^(9m2;)lf’,y+Q,(z, ie) G (P), and for all holomorphic function 
f such that the function z i-A A^{^imz)f{z) G L^, we have 

(3.16) f{z)= f Ky+a{z,w) f{w) A°‘{Zsmw)dVy{w). 

Jv 

The next lemma gives integrability properties of the determinants and Bergman kernels. 


Lemma 3.17. Leta,l3,u he real. Then 
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1) for y € 0,, the integral 

Ja{y)=[ \A~°‘{{x + iy)/i)\dx 

jR" 


converges if and only if a > ^ — 1. In this case, Jaiu) = (y), where Ca 

is a constant depending only on a. 

2) The function f{z) = with t ^ Q, belongs to if and only if 


In this case, 


PROOF: See gj. 


n ^ 1 2re 

p >-1 and a > —(pH - 

r p r 


!)• 


||/|Up=C„,pA 


-a+(-+^)^ 


it). 


□ 


3.4. Integral operators and dnality. Let us now consider the following integral opera¬ 
tors T = and defined by 

(3.18) Tf{z) = A°‘{^z)[ Kfj,+a{z,w)f{w)dV^{w), 

Jv 

and 

(3.19) T^f{z) = A°‘i^z)[ \K^+aiz,w)\fiw)dVf,iw), 

Jv 

provided these integrals make sense. Observe that = 1 )^, 0 - 
The following result is in [25]. 

Lemma 3.20. Let a,^,p € M and 1 < p < oo. Then the following conditions are equiva¬ 
lent: 

(a) The operator T+q, is well defined and bounded on iZifD). 

(b) The parameters satisfy fi I- a > j — 1 and the inequalities 

yp — u > i - 1 ) maxjljp — 1 |, ap -\- v > [ - 1 ) max{l,p — 1 }. 

r r 

Also, from [25] we have the following. 

Lemma 3.21. Let a,y G M. Then both T and T+ are bounded on L°°{T>) if and only 
a > — 1 and y > j — 1. 

We will also need the following result. 

LEMMA 3.22 (Bekolle 1986 g]). Let y > j — 1 and m an integer such that m > 7 — 1- 
Then the dual space (A^)* identifies with the Bloch space under the integral pairing 

(3.23) {f,g)f.,m= [ fiz)A-^n-^g{z)dV^iz), /G^, 

Jv 

The following duality with change of weights can be proved in the same way as the 
previous one. 
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Lemma 3.24. Let /1 > 7 — 1 0 ,nd 1 < p < 2. Then, (Af,)* identifies with 
under the integral pairing 

(3.25) {f,g)u,m = J^fiz)A^n^g{z)dV^{z), f € A^, G 

for any integer m > k^tj)', iz + [p — v)p'). 

We recall the following notations; 

I 1 / ’ = min{p,p'}gi„ and du = ^ +-n^ 

V 'p'p^ ) ~\~ f 

with qi,^p = 00 , if n/r < p'. It is clear that 1 < < qu,p < Qu,p- By density of the 

intersection Af, D A'j^ in Af,, we have the following reproducing formula for all a > ^ — 1 
and f € Af, with 1 < p < qu,p- 

(3.26) f{z)= f Ka{z,w)f{w)A°‘~r(^Qw)dV{w), z^V. 

Jv 

The following theorem obtained in [25] characterizes the topological dual space of the 
Bergman space Afl, for some values of p and v for which the Bergman projection is not 
necessarily bounded. 

Theorem 3.27. Let v > ‘^ — l he real, 1 < p < q^- If p is a sufficiently large real number 
so that /X > 7 — 1 and 1 < p' < q^, then the topological dual space (Af))* of the Bergman 
space identifies with Aff under the integral pairing 

{f,9)a= [ f{w)g{w)A'^~^{Qw)dV{w) 

Jv 

where a = - + Lj, - + A = 1 . 

p p' ’ p p' 

3.5. Atomic decomposition. The following general atomic decomposition of functions in 
weighted Bergman space is from |21j . 

Theorem 3.28. Let l < p < oo and let p, n > j — 1 satisfying n + {p — u)p' > ^ — 1. 
Assume that the operator is bounded on Ln,{'D) and let be a 5-lattice in V. Then 

the following assertions hold. 

(i) For every complex sequence {AjjjeN in If,, the series XjKp,{z, Zj)A^~^^ [yfi is 
convergent in Af{I)). Moreover, its sum f satisfies the inequality 

\\f\\p,u<Cs\\{Xj}\k, 

where Cs is a positive constant. 

(ii) For 6 small enough, every function f G Af{V) may be written as 

/(^) = '^>^jKp{z,Zj)A^^+'^{yj) 

j 

with 

mj}\k<cs\\f\\p,. 

where Cs is a positive constant. 


(3.29) 
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3.6. Properties of image of the Bergman operator. The notion of the Bergman 

projection has been extended in [6] allowing to see Bjj(iD) as a projection of LZiV) in some 
sense. More precisely, for 1 < p < oo and p € M and m large enough, the Bergman pro¬ 
jection of / € Lu{'D) is defined as the equivalent class (in 'Hm) of all holomorphic 

solutions of 

(3.30) n^F = C,,m[ K,+m{;w)f{w)dV,{w). 

Jv 

The constant is as in (13.9p . One easily observes that for any F in the equivalent class 

= Cy,mTy,mf 

and consequently, is well defined and bounded from Ly{T)) to My{V) if and only if 

Ty^rn is bounded in Ly{P). It follows in particular with the help of Proposition 13.111 that 

every F € My’^"^\'D) satisfies 

(3.31) n^F = Cy,m[ Ky+mi;w)A^{<^w)n^F{w)dVyiw) 

Jv 

whenever m is sufficiently large. 


3.7. Koranyi’s Lemma and averaging of a measure. Let p be a positive measure on 
V. For z gV and 5 € (0,1), we define the average of the positive measure p at 2 ; by 




The following is also needed here. 


KBsjz)) 

Vy{Bs{z))' 


Lemma 3.32. Let l < p < 00 , P G M, /3,(j G (0)1)- Por z G V we define the average of 
the positive measure p at z by 


Let {zjljeN be a 5-lattice in V. 

(i) A/3 G Ll{V). 

(ii) {il5{zj)}jm G ll. 


fisiz) = 


KBsiz)) 


Vy{Bsiz)y 

Then the following assertions are equivalent. 


For v > j — 1 and w gP, the normalized reproducing kernel is 


(3.33) 


ky{-,w) 


Ky{-,W) 

Ky{-,w)\\2,y 



We have the following result known as Koranyi’s lemma. 


A5(^+7)(9u;). 


Lemma 3.34. [H Theorem 1.1] For every 5 > 0, there is a constant Cs > 0 such that 


K{C,z) 

K{C,w) 


< Csd{z, w) 


for all C,z,w G V, with d{z, w) < 5. 


The following corollary is a straightforward consequence of [H Corollary 3.4] and Lemma 

EMI 
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Corollary 3.35. Let u > ^ (5>0 and z,w G P. There is a positive constant Cs 

such that for all z G Bs{w), 

V„{Bs{w))\k^{z,w)f < Cs- 

If S is sufficiently small, then there is C > 0 sueh that for all z G Bsiw), 

V,iBs{w))\k,{z,w)\^ > {1-C6). 

3.8. Carleson embeddings. We start by recalling the following from |21l Theorem 3.5]. 

Theorem 3.36. Suppose that p, is a positive measure on B, 1 < p < oo, v > j — 1 and 
A > 1. Then there exists a constant C > 0 such that 

( 3 . 37 ) [ \^{z)pd^l(z)<C\\frP, f(=Al{V) 

Jv 

if and only if 

(3.38) ;u(55(z)) < z G T>, 

for some C' > 0 independent of z, and for some 6 G (0,1). 


Note that condition (|3.38p is still sufficient for (|3.37p to holds in the case 0 < p < 1. The 
following embedding with loss was also obtained in [211 Theorem 3.8]. 


Theorem 3.39. Suppose that p is a positive measure on V, u > ^ — 1 and 0 < A < 1. 
Then the following assertions hold. 

(i) Let 0 < p < oo. If the function 


V 3 z^ 


(fMz) 


belongs to Lf,{V), s = for some 6 G (0,1), then there exists a eonstant C > 0 
such that 


(3.40) 


Iv 


\fizW^dpiz)<C\\f\\P% feAP{V). 


(ii) Let 1 < p < oo. If the Bergman projeetion Pa is bounded on Ly{T>) and {S.fCf) holds, 
then the funetion 

KBsiz)) 


V B ze^ 


A13+ 


r (Imz) 


belongs to Lf,(T>), s = for some 6 G (0,1). 


Any measure satisfying (I3.37p or ()3.40l] is called (A, z^)-Carleson measure. 


4. TOEPLITZ OPERATORS FROM A^{'D) TO IB^(T>). 

In this section we provide criteria for the boundedness of the Toeplitz operators from a 
weighted Bergman space to an analytic Besov space. In particular, we prove here Theorem 
12.61 and Theorem 12.81 
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Proof of Theorerr) A2.6\. Let us start with the sufficiency part. Put /3' = /3 + (p —/3)g' > j — 1. 
We observe that by Lemma 13.241 (V) is the dual space of under the duality pairing 


{f,g)u,m= / f{z)/\'^{^z)a^g{z)dVu{z) 

Jv 

for m large enough. 

(3 ^ I ^ ^ I ^ 

We also observe the condition p > ^ — 1 + - —^- f — provides that 7 > 7 — 1, and 

that as A > 1, so by Theorem 13.361 for every f > 1, there exists a constant C > 0 such that 

[ |/!(z)|“<iM2) < C||ft||7 

Jv 

for all h € Af^{'D). Taking tA = 1, this is, in particular, equivalent to saying that there is a 
constant (7 > 0 such that for any h ^ Lf (V), 


(4.41) f \h{z)\dg{z)<C\\h\\i 

Jv ^ 

Let / € AaiP) and g € AfpiifD). Using Fubini’s Theorem and reproducing formula for 
weighted Bergman space, we obtain that 

(4.42) {g,Tlff)^^m= [ f{z)g{z)dg,{z). 

Jv 

1 

Also fg G Lf (P). As a matter of fact, by Holer’s inequality, we have 

< (^J IfizWdyaiz)^ (^j \g{z)\^'{‘2smz)dV{z'^ 

^ ll/llpjall^llg',/!'- 

Therefore, from (I4.42p and (|4.4ip . we get 

\{g,T^^f)u,m\ < [ \f{z)g{z)\dfi{z) <C\\fg\\i <\\f\\p^c.\\g\\q',l^'■ 


Thus, is bounded from Aa{V) to B^(P) whenever (b) holds. 

Next, suppose that Tf extends as a bounded operator from A^iV) to B^(P). For a G T> 
given, we define 

faiz') — Ki,-\-m{z, qJ) 

where m is an integer large enough. From Lemma (3.171 we obtain that fa belongs to Aa(P} 
with 


II/, 


a lip,a 


— Cp,m,u,a^ 


-{m+u+^)+{a+^A N 


( 4 . 43 ) 
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We have 


Tnfa{z) = / faiw)K^(z,w)d^{w) 


IV 


Iv 


Kyj^rn{w, a)Ky{z, w)d^i{w) 


hence 


a^T;:Mz)=Cm / \K,+m{z,w)\^d^i{z). 


IV 


It follows in particular, using Corollary 13.351 that for any 6 G (0,1) and any z GV, 

KBs{z)) 


(4.44) 


> C„ 


On the other hand, we have from our hypothesis that G from the 

pointwise estimate (j3.7l] and (I4.43p that 




^ II A ~(^+2m+^)+- 


< c\\t;:\\a 

Combining the latter with ()4.44l) we obtain that 

< c\\t;:\\a 

' ■' ' r/['ismz) 

that is 


fi \\\\Jz\\p,a 
+ ^ /3+^ 


fl'jBsjz)) ^ ^ _(t/-|- 2 m+a)+ 

A2(™+^+7)(3mz) 


P Q 


(Qmz). 
{^^mz) 


a+It /3+^ 

fliBsiz)) < c||r;i|A"+^+wi^-w^($>«z) 


or equivalently 


The proof is complete. 


f,{Bsiz))<C\\Tn\A^(^+v\^z). 


□ 


The following can be proved the same using the duality result of Theorem 13.271 

Theorem 4.45. Letl <p <q < qis, a,l3,u > ^ - l with v > ^ -1 + - 

Define the numbers A = 1 + | — | and Ay = + ^ — ^. Assume that 1 < q' < qpi where 
j3' = fi + {v — fi)q' > y — 1. Then the following assertions are equivalent. 

(a) The operator T^ extends as a bounded operator from A^{V) to B^(T>). 

(b) There is a constant C > 0 such that for any 6 G (0,1) and any z gV. 

(4.46) h{Bs{z)) < CA^(t'+t)(!^^) 


We now prove the case of estimations with loss. 


Proof of Theorem \2.A That (b) ^ (a) follows as in the proof of Theorem l2.6l using Theorem 
13.391 Let us prove that (a) ^ (b). We start by recalling that the Rademacher functions rj 
are given by rj{t) = ro(2H), for j > 1 and tq is defined as follows 



if 

if 


0 < t - [t] < 1/2 
1/2 < t - [t] < 1 
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[t] is the smallest integer k such k < t < k + 1. We have the following. 

Lemma 4.47 (Kinchine’s inequality). For 0 < p < oo there exist constants 0 < Lp < 
Mp < oo such that, for all natural numbers m and all complex numbers ci,C 2 , • • • ,Cm, we 
have 

p/2 

< 




Coming back to the proof, since Pu+m is bounded on Lo(P), it follows from Theorem 
1,1.281 that given a 5-lattice 5 G (0,1), for every complex sequence {Aj} € l^, the 

series 

3 

is convergent in AaiP) and its sum / satisfies 

i/p 

p,a<c|^|A,rA“+-/"(3mz,- ' 


Thus if rj{t) is a sequence of Rademacher functions and {Aj} G la, 


also converges in Aa{T>) with ||/i||p,a < C||{Aj}||;p. 

As Tp extends as a bounded operator from AaifD) to B^(Il), we obtain for m integer 
large enough (actually, Pu+m is bounded on La{P)), 

q 


P^Tp 4 lp+m, = 


tv 


Y, Xjr.im-^T'ffKu+miz, ^,)A'^+-+-/^(3mz,) 


dVp+mq{z) 


< lir''ll'^ll fdl'' 

rs-/ \\-^ fi W WJt Wp^a 


< iir;ini{A 


■3}\\iP^- 


That is 


(4.48) 


IV 


YXjr,it)n-^T;:Ku+m{z,z,)A^+^+^/^i^z,) 


dVp+mq{z) < ||r;in|{A,) 


I/P • 


By Kinchine’s inequality, we have 

f 


Y X,r,{t)a-^T;fKu+m{z, Zj)A^+^+^/^{<^Zj) 


dt 


> L, V|A,f 


q/2 
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Integrating both sides of (I4.48p from 0 to 1 with respect to dt, we obtain using Fubini’s 

Theorem and the last inequality that 

(4.49) 

q/2 


IV 




Observe that for a sequence {aj} of complex numbers and for | < 1, 


j \ j 

Thus using the latter observation, we obtain from (I4.49|) . 

j 

Jv ^ 

5/2 


-\-mq 


< 

r~s-/ 


IV 




< iir;ini{A,}|i^.. 

But from Lemma m we have 

Thus 


A^q+P+n/rl^<^^.'^ 


[ \a^T;:K,+rn{z,zj)\'idVp+^g{z). 

JBi 


(4.50) < ||r;ri|{A,}|||. 


Now note that 

Hence 

(4.51) 


a^TI;^K,,^m{z,Zj) = Cm / K„+m{w,Zj)Ki,+m{z,w)d^{w). 

Jv 

KBj) 


A2(‘'+™WO(QmZj) 
Combining (14.5011 and (I4.5ip we obtain 


D^T;:K,+mizj,zj). 




n{Bj 


\A^C+Cr)(^^Zj) 


AJ<“+l>(3ra2,)<||r;r||{Aj}K 


JP ■ 

brv 
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q_ (21 / 

Thus as the sequence {|Aj|'?Ap^ belongs to it follows by duality that the 

sequence { ^ 2 ■) ) i belongs to Ip/p~‘i which is the dual of by the sum pairing 


3 


Hence ^ 
3 




pq 

p-q 


^ f K^j) 


< r;r i-e. E (—^ 

3 ^ 


1 

l-A 


1 

l-A 


AA{7+n/r)(^^^.) 

< ||T;r 


< Kr i-e. 


Thus, {fis{zj)} G ^ and from Lemma [3.321 this means that (b) holds, 
complete. 


The proof is 
□ 


We obtain in the same way the following. 


0——+1 

Theorem 4.52. Let l < q < Qq., q < p < 00 , a, 13,1' > ^ — 1 with p > ^ — 1 ^-^- 

Define the numbers A = 1 + ^ — | and A 7 = + ^ — ^. Assume v is large enough 

so that Py is bounded on L^{T>) and 1 < q' < qgi where /3' = fi + {u — j3)q' > j — 1. Then 
the following assertions are equivalent. 

(a) The operator Tjf extends as a bounded operator from A^{'D) to 8^(2)). 

(b) For any S E (0,1), the function 


belongs to ^\d). 


V 3 


h{Bs{z)) 
A’^^P (Qmz) 


5. HANKEL OPERATORS FROM A^{D) TO B^(T>) 

In this section, we provide criteria of boundedness of (small) Hankel operators from 
weighted Bergman spaces to weighted Besov spaces . 

5.1. Boundedness of hh : Ay{D) -3 My{D), p > 2. We would like to start this section 
with a general result involving a change of weights. To avoid any ambiguity, we recall that 
we write h^^f = Py{bf). The superscript may be removed when the result involves the 
same weight. Let us also recall the notation 


We have the following result. 

Theorem 5.53. Let > ^ — l and p > |■ Then the Hankel 

operator h\^'^ is bounded from Ay{'D) into ]Bf)(T>) if b = P^g for some g E L°°{V) for which 
Pyg makes sense. 
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PROOF: We first observe that if 6 = P^g with g € L°°{V), then for m > ^ — 1, as 
we have from Lemma 13.211 that 

sup A™(?OT 2 )|n”* 6 (z)| < oo. 
zev 

Now, we prove the sufficient condition. We suppose that b = P^g with g G 
recall that is a representative of a class in M^iP) is equivalent to saying that 

(/) G Lf,{V) with m large enough. Let us put k = fA^O^b. Observe that 
for / G A^{V), k G L^{T>) as /SPW^b is bounded. Next, using the formula (13.10^ . one 
easily sees that 

A^U^h[^\f)=T^^^k. 

Since m is taken large enough and p > max{—^}, Lemma [3.201 gives that 

||A”n”'ft“(/)||iE = ||r,.„t||iE<||fc||ij 
The proof is complete. 

We now prove Theorem 12.91 

Proof of Theorem lil.M The sufficiency is a special case of the previous theorem correspond¬ 
ing to g = u. Conversely, if hi, is bounded, then for any / G Af,(V) and any g £ Af, (T>), 
using the reproduction formula (I3.16p . we have 

(5-54) \{hbf,g),,,m\ = \{bjg)u,m\ < C\\f\\j,pJ\g\\^pj. 

We take f{z) = fw{z) = and g{z) = gw{z) = with m large 

enough. Following Lemma 13.171 we have 


< 

rs_/ 


>ll/IUs- 


□ 


and 


ll/IUs = 


Now, since by the reproduction formula (|3.16D . we have P^^rnd = 9 , replacing / and g in 
(I5.54jl . we obtain 


A™'(977ir(;) 


iv 


K,,+rn{w, z)D^b{z)dVu+miz) 


< C. 


Taking i = m in (I3.12p . this is equivalent to 

A™(?OTu;)|n™6H| = A'^{^w)\P,,+miO'^b)iw)\ < C. 

Let h = A'^'OPb, we have just obtained that h G L°°{V). Moreover, as 6 G Al(V), P^^h 
makes sense and we have from the reproducing formula, taking £ = 0 in (|3.12l) that 


P^/i= / iL^(-,u;)A™(3mu;)n™6(u;)dKM = 6. 
Jv 


The proof is complete. 


□ 


As a consequence of the above result, we have the following corollary. 
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Corollary 5.55. Let l < p < oo and u > ^ — l. If is bounded on LZifD) then the 
Hankel operator hi, extends as a bounded operator on Af, (V) if and only ifb = P^g for some 
g G L°°(T>) for which P^g makes sense. 

When p = oo, we can prove in the same way the following result. 

Theorem 5.56. The Hankel operator hi, is bounded from H.°°ifD) into B if and only if 
h = P^g for some g G L°°{T>) for which P^g makes sense. 

5.2. Boundedness of hh : Aa(T>) —>■ B^(P), 1 < p < q < oo. Let us first recall the 
following embedding result from m- 

Lemma 5.57. Let l < p < q < oo and a, /3 > ^ — 1. Assume that ^(a + y) = ^(/3 + ^). 
Then there exists a positive constant C such that for any f G A^{V), 

[ |/{z)|’A'>-?{9m2)dV'(2)<C||/||’,„. 

Jv 

PROOF: Let us recall that there is a constant C > 0 such that for any / G Aa{P) the 
following pointwise estimate holds: 

(5.58) |/(z)| < CA~I^°~^^\^z)\\f\\p^a, for all z gV. 

It follows easily that 

I := [ |/(2)|''A^-E(9mz)dF(z) 

Jv 

= [ \f{z)nf{z)r^Af^-v{<^z)dv{z) 

Jv 

< cwfwy [ \f{zWdv^{z) = c\\f\\y 

Jv □ 

We can now prove Theorem 12.101 

Proof of Theorem \2.1 (A We hrst prove the sufficiency. Let / G Aa{P). From the integration 
by parts formula, we obtain 

□ ^ f I{„+.,n{z,w)b{w)f{w)dV„{w) 

Jv 

= Cu,m f K„+rn{z,w)a^b{w)f{w)dV„+rn{w) 

Jv 

= Pu+rnTbf{z), 

where the operator Tb is dehned by 

Tbfiz) = z e 

Let us prove that Tb is bounded from A^{V) to L'p,_^^{V). Observe that if i? = —^{pL + 
j) + jl, then 1(1?+ 7 ) = I (a+ 7 ). Using the embedding of Mt{P) into L'^{'D), we easily 
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obtain 


/ \nf{z)\^dV0+„,,{z) = C [ \f{z)\'l\n^b{z)\'^dVfS+mq{z) 

Jv JV 

C [ \f{z)\'^A-v(f^+v)(‘^z)dVfi{z) 

Jv 


< 

< C\\m 


p,a‘ 


Now, since by Lemma 13.201 for m large enough and for q as in our assumptions, Py+m is 
bounded on we conclude that for any / € A^{V), n'^hbf G 

For the converse, we consider the two different situations: 1 < q < 2 and 2 < q < oo. 

Case 2 < q < oo. If is bounded then as we have seen in the previous section, there 
is a positive constant C such that for any / G 2^a{P) and any g G A'^^i{'D) inequality (I5.54p 

holds. We take again f{z) = /^(z) = and g{z) = gy,{z) = A"(r+f )(^) 

with m large enough. From Lemma 13.171 we have 




□ 


and 


Illj'lL'j' ~ Cu,m,qA 

^R' 


_{n+-) + (^/+n)l 


{^^smw) 


Replacing / and g in (|5.54l) . we obtain 


^ py r! qiyi^ r' ^[^Wj 


[ Ky+rn{w,z)a^b{z)dVy+rn{z) 

Jv 


< C. 


By (|3.12l) . this is equivalent to 


for any w GV. 

Case 1 < g < 2. Note that in this case B^(P) = ^^(D). That is bounded, is 

equivalent to saying that there exists a constant C > 0 so that for any / G Aa{P) and any 

/ 

representative g of any class in s' G A^^, {V ), 

\{hl:'^f,gU<c\\f\\pMU',0' 


( 5 . 59 ) 
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Now, taking g{z) = g({z) = Kiy{z,() and f{z) = f({z) = A we obtain 

{h^b^f,9)u = f{z)^ g{z)dV„{z) 

= C, I^K,iC,z)(^hl;'^f{z)')dV,iz) 

= a/ii"V(c) = a/ K,ic,z)a-^biz)Tdz)dv,+miz) 
Jv 

= C, [ K,+m{C,z)0"^KddV,+m{z) 

Jv 

= a,^n™ 6 (C). 

Now, choosing m large enough, we obtain from Lemma Id. 171 that 


p,a — 


-m+(Q+a)i/cii 




and since the conditions on q insure that g G At ,, 


Taking all the above observations in ()5.59p . we obtain that 

The proof is complete. 


□ 


Corollary 5.60. Let l < p < q < 00 and u > ^ — l. If is bounded on L%{T>), then 
the Hankel operator hb extends into a bounded operator from A^{T>) to Al{V) if and only 
for some m large, 

g L°°. 


5.3. Boundedness of : Aa{P) — >■ 1 < q < p < 00 . We begin with the 

p = 00 . 

Theorem 5.61. Let 2 < p < 00 , n > - — l, and a G M. Assume that 


case 


max{ 


a+^-1 a-^+1 


V n-^+l 


} <p. 


Then the Hankel operator h^^ extends into a bounded operator from 11°°{T>) to Ba(P) if 
and only if b = Pd^\f) for some f G Tq(P) and m a large enough integer. 

Proof. First suppose that for m large, A’^n™'^ G L^{P). Then for any / G H.°°ifD) and any 
g G A^i{T)), a' = a + {v — a)p' > ^ — 1, we easily have 


\{ht^ f,9)y,m\ = 


tv 


f{z)g{z)W^b{z)dVu+m{z) 


|A’"n”'6||p,a||/||oo|b||p',a' < 00 . 


< 
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Conversely, if is bounded then as before there exists C > 0 such that for any / € 
n°°(V) and any g € A^,(V), 




f(z)g(z)0"^b(z)dV^+rn(z) 


IV 


<C||/||oo|Mka'. 


Taking f(z) = 1 for any z € we obtain that there exists a constant C > 0 such that for 
any g E A^'iV), 


[ 9{z) 

Jv 


g{z)a^b{z)dV^+rn{z) 


<c\\g\l 


i.e. 


9)u,m\ ^ C*| |5f| Ip/^Q,/. 

It follows from Lemma 13.241 that 6 is a representative of a class in ]Bq(D) = {A^,{'D))* 

— f, —! u- '^+i I 

that Pu+m is bounded on L^_,_^p(2?), for m large enough, the equality (j3.31l) allows us to 
conclude that b = cP!^\f ) with / = The proof is complete. □ 


We have in particular the following. 

Corollary 5.62. Let l < p < oo and v > ^ — l. If P^y is bounded on Lp(P), then the 
Hankel operator hf, extends into a bounded operator from P°°(T>) to AfyifD) if and only ifb 
is in A^{'D). 

In the same way, with the help of Theorem 13.271 we obtain the following. 

Theorem 5.63. Let max I < p < Qa, a,iz > j — 1. Then the Hankel 

operator h^^ extends into a bounded operator from to Aa{P) if and only if b £ 

Al{V). 

The following endpoint case follows also the same using the duality result in Lemma [3.22l 

Theorem 5.64. Let v > j — l. Then the Hankel operator extends into a bounded 
operator from H°°{V) to A]j{V) if and only if b £ Al{V). 

We next prove the following lemma. 

Lemma 5.65. Let 2 < q < oo, a,n > j — 1, p £M.. Assume that ^_n . ^ < q < oo. For m 

an integer such that P.y is bounded on L'p , ^ = a + i' + m + ^, P = p + {n — p)q', ^ + ^ = 1 , 
consider the operator 

T^,J{Z)= [ K^+u+mMz,w)n-^fHdV,y+miw) 

Jv 

define for functions with compact support. Then if there exists a constant C > 0 such that 
for any 6 £ (0,1) and any 5-lattice {zjjjgNo of points in T>, 

j 

then f is a representative of a class T E with ||T||b 9 < C. 
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PROOF: First note that the condition on the exponent q implies that (5 > 7 — 1, and that 
is the dual space of under the pairing 


{h,F)i,^m = j h{z)n'^F{z)dVy+rn, and 


F G 




As the projector (7 = a + v + m + ^) is bounded on (P), by Theorem 13.281 any 
h & A'^^ (V) can be represented as 

h{z) = AjA'^“'“E [^smZj)K^[z, Zj) 

j 

with ||{A,}|L/ < \\h\\ni R. It follows that if F is a class represented by /, 

7 


{h,F), 


iv 


>■ {^Zj)K^{z, Zj)a'^F{z)dV^+rn{z) 
j 


It follows from Holder’s inequality that 
II-^IIb^ := sup \{h,F)^^rn\ 


^ C. □ 


The following can be proved the same way with the help of the duality in Theorem 13.271 

r U+——1 it——+i'i 

Lemma 5.66. Let max|g^,—^—j TTriTT"| < <1 < > 7 — 1. Define fi = 

// + (p — /u)g', 1 + ^ = 1 , and eonsider the operator 


Ta,uf{z)= f K^^^^!i{z,w)f{w)dVu{w) 

Jv ’’ 


define for functions with compact support. Then if there exists a constant C > 0 such that 
for any 6 G (0,1) and any 5-lattice of points in V, 

3 

then f £ Aji with ll/H^? < C. 

Note that the condition max |l, | < q < q^ provides that ;0 > 7 — 1 and 

that Pi, is bounded on A'li{V). Also as 1 < g' < g^, by Theorem 13.271 (V) is the dual of 

Afi{'D) under the pairing 

Let us know prove Theorem 12 .Ill 
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Proof of Theorem A2.11[ We start with the sufficiency which is the harmless part. Let m be 
a positive integer such that Hardy inequality holds for {q,/3 + mq). Recall that dX{z) = 
Then for any / G AaiV) and any g G (T>), 


\{hi''^f,9)i 


f{z)g{z)a^b{z)dVy+rn{z) 


/V 


Iv 


[Ai(T'+T)(SOTz)/(z)5(z)][A”^+^(^+-)(3mz)n"*6(z)]dA(z) 


Thus 


< \\fg\\sJA^D-^b\U,,, 


:= sup \{hi^'^f,gUm\ < ||A™n-6||,,,^. 

II/IUp<i,II 5|I ,/<i 


Let us now move to the necessity. We observe that as is bounded on L^{T>), we have 
from Theorem 13.281 that given a 5-lattice 5 G (0,1), for every complex sequence 

{Aj} G ^Q, the series 

XjK^iz, zj)A‘^+^/^(^zj} 


is convergent in Aa(TX) and it sum / satisfies 


i/p 




Thus if rj{t) is a sequence of Rademacher functions and {Aj} G la, 

ft{z) = ^ Ajrj(t)iL^(2:,Zj)A‘^+''/'’(3m2:j) 


As extends as a bounded operator from Aa{'D) to ]Bg(P), we obtain for m integer 


also converges in AZ{T>) with \\ft\\p,a < C\\{Xj}\\iP. 

4' 

large enough, 


/D 


Y Xjrj{t)n^hbKa{z, zj)A‘^+^/^{^Zj) 


dVfj-^-mqiz) 


< IlftLll’IIAII?.. 


< 

rs^ 


iiftLii’iKAUiiy 


That is 


(5.67) / I ^ A,r,(t)n-/i,iL,(z,z,)A"+"A(9m^,)|W^+^,(z) < ||L[")r||{A 

Jv 
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1 ^- 

f'Q; 


Following the same reasoning as in the proof of the necessity part in Theorem 12.81 up to the 
inequality (I4.50p . we obtain that 

(5.68) |A,f ini{A,}||^ 

j 

We next observe that 

K^{z,Zj) = Cm [ b{w)K^{zj,w)Ki,+m{z,w)dV^{w) 

Jv 

— Cm I ^ b(w^K(ji,Zj fW^Kyj^mi^Z fW^dVi/j^rniw^ 


'V 


Thus 


n--h^^'^K„{Zj,Zj) = Cm [ m{w)K„+y+mMzj,w)dVy+m{w) = CmTZKzj)- 

Jv 

Taking this in (I5.69p we obtain 

j 

As {Aj} is chosen arbitrary in la, it follows by duality since {|Aj|'^} belongs to la^'^ that the 
sequence belongs to a' = a + — a), 

which is the dual of la^‘^ under the sum pairing 


with 


That is 




Hi 


Ea 


{a+n/r)+ti+n/r /e- 


^ <r iilHi 


(9ruz,)|A™(9mz,)r-6(Z,)|W4 < \\h\; 


Thus as > q > 2, using Lemma [5.651 we conclude that 6 is a representative of a class 

B e BJ'. »' = Old 


l|B|l,.' < IlHlI 


The proof is complete. 


□ 


We obtain in the same way using the duality result in Theorem 13.271 and Lemma 15.651 
the following. 


C Q-\-IL _ \ Q _'j 

Theorem 5.70. Let max|gf|^,—^1 < q < QI3 and a,(d,u > ^ - I, A + E = 
1 + i = 1. Define fi' = fi + (n - fi)q'; 1 <' i + ^ = i < 1; 2 + = I; 1 + J, = 1 W 


q q 

A + -L = i/. Assume that 


p q' s ^ s s' 


(5.71) 

Then the followig assertions hold. 


1 / 

— (ex-1“ 1) 4 —liP -|-1)<P-hi. 

p r q' r r 
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(i) Ifb is the representative of a class inM^^, then the Hankel operator h^^'^ extends into 
a bounded operator from Aa{T>) to 

(ii) If there exists a > j — 1 such that P„ is bounded on La (P) and if h^^^ extends into 
a bounded operator from A^{'D) to A’^iV), then b is the representative of a class in 




Using Theorem 13.271 and Lemma 15.661 we obtain in the same way the following. 

^ 0\Ti _ g _n I ^ 

Theorem 5.72. Let maxjg^, —^ I < q < qp and a,f3,n>^-l, \ + ^ = 


i + i = l, D6/!™/3' = /3+(^-/3y;i + i = i;S + f; = l;i + i = l + J = 


q q- 

Assume that 


(5.73) 
and 

(5.74) 


1 / n I , r,! n n ^ 

— (q;-1“ 1) 4 —liP - \-1) K n -hi, 

p r q' r r 


1 1 

— < — < max 
q-i s 


v-^ + l 


Then the following hold. 

(i) If b € A^^, then the Hankel operator h^^^ extends into a bounded operator from 
AUV) to A^V). 

(ii) If there exists a > ^ — 1 such that is bounded on La{P) and if h^^^ extends into 
a bounded operator from Aa(V) to A'p{V), then b G A^'. 

In Particular, we have the following result. 


Proposition 5.75. Let l < q < p < cx) and n > f — l- Suppose that Py is bounded on 
both Ly{V) and Lt{V). Then the Hankel operator hb is bounded from Ay{V) to A${V) if 
and only if b G B^(P), where s = 

Proof. We note that q < = s. If s > 2, everything follows as in the proof of the previous 

theorem. If g < s < 2, then by interpolation we also have that Py is bounded on Lf,(P) and 
again the proof follows as for the theorem above. Note that in this last case, ko{s,i') = 0. 
The proof is complete. □ 


6. Weak Factorization of functions in Bergman spaces of tube domains over 

SYMMETRIC CONES 


In this section, we prove Theorem 12.141 and Theorem 12.171 In fact we only have to prove 
equivalence between boundedness of Hankel operators and and weak factorization results 
as stated in the two theorems. We have the following result for weighted Bergman spaces 
of our setting. 


Theorem 6.76. Let 7 , u > ^ — l and 1 < s < q.y. Let 1 < p,q < 00 and a, /I > ^ — 1 so 
that I- = I- + I-< 1 , = 

s p q ’ s p q 


1 / ^ -,X 1 /YI ^ .X 

— (q; -h 1 ) H—(/3- 1 “ 1 ) ^ 

p r q r 


-hi 

r 
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holds. Assume that is bounded on Aa(T>) for some a > — — 1, and that 
(6.77) 

max{q , -,-ITTTJ < ^ < q-y and maxjg^,-,-fTTTJ < d < 

' V I/— - + 1 ^ V u — - + 1 

V V 

or 


(6.78) 1 < s < 2 and 1 < q <2. 

Then the following assertions are equivalent. 

(i) Af^{V) = AP{V)<^A^V). 

(ii) For any analytie funetion b on V, h^^'^ extends as a bounded operator from AaiV) 

/ f 

to B^,( 2 ?) if and only if b is a representative of elass in By (P). 

Proof. Recall that 7 ' = 7 + (v — 7 ) 5 ', /?' = /3 + (p — /3)g'. When condition (|6.77p holds, we 
have 7 ',/?' > 7 - 1 and B^'(P) = 71^'(P) and B;:(P) = 7i;',(P). 

That (i) ^ (ii) is harmless. To prove (ii) =7 (i), we start by establishing the following: 


Lemma 6.79. Let 7 , Z/ > ^ — l and 1 < s < q^. Let 1 < p,q < 00 and a, ft > ^ — 1 so that 
= ^ + ? = « and the hypotheses in Theorem 6. 761 are satisfied. 

s p q s p q i -1 

Assume that for any analytic function b on P, extends as a bounded operator from 
Aa(V) to By(P) if and only ifbG By(P). Then 

Al{V)(^A^V)cAt^{V). 


Proof of Lemma 16.791 

Following the reasoning of [23], let F E (^^(P))*. Thanks to Lemma [3.241 there is 
b E By(P) and m a large enough integer such that F{i~p) = {b,<p)u,m for all (7 E At^{'D). 
Let / E Aa(T)) 0^^(P). For every e > 0, there exist finite sequences {gj} E Aa(T)) and 

{Ij} E A'p{V) such that / = Yldjh IISj llp,alKi llp,/3 ^ ll/ll +^- Using the reproduction 

j j 

formula (|3.14p and the boundedness of h^^\ we write 

\FU)\ = K^/).,m| = \{b,Y.93h)u,m\ = \Y.{b,g,h)u,n.\ = | ^ ( 5 , □’"b,).+m | 

j 3 3 

3 

3 

3 3 ^ 

< \\hb\\'^\\gj\\p,a\fj\\q,p < ||/l 6 ||(||/|| +e). 

3 

Letting e tend to 0 yields |P(/)| < ||^b||||/||, that is P E (^q(P) 0 7l^(P))*. 


To prove the reverse inclusion we need the following: 
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Lemma 6.80. (O Proposition 5.1]) Assume that 1 < s < oo and 7 , cr > ^ — 1 and is 
bounded on Lf^{'D). Then At^{'D) is the elosed linear span of the set : z € V}. In 

particular, Bfj{-,z) G At^{P) for any z gV. 

We then deduce the reverse inclusion based on the Hahn-Banach Theorem. 

Lemma 6.81. Let 7 > ^ — l and 1 < s < q^. Let 1 < p, q < 00 and a, ft > j — 1 so that 
^ = ^ + ^< 1 , ^ = The space AaiV) 0 is dense in At^{V) and consequently 

{Ai{v)(^Ai{v)r diA^^m*. 

Proof of Lemma 16.811 As 1 < s < g.y, taking a = m-i + m 2 where mi and 
m 2 are two large positive numbers, we have that by Lemma 13.201 that is bounded on 
(V). It follows from Lemma 16.801 that the space Af (V) is the closed linear span of 
the set - 2 ) : £ P}- Thus, for every / € Af(V), there is a sequence {fk} 

k 

defined by /a, = ^ ajBmi+m 2 (') ^j)-, where a/s are complex constants, such that lim ||/ — 

k^co 

Alls ,7 = 0 . Observe now that Bmi+m 2 {-iZj) = = gjlj where gj = 

(~^) ~ Por mi and m 2 sufficiently large, we also have 

that gj G AfffD) and Ij G A^V) for any j = 1,2, ••• ,k, and \\B-y{-, Zj)\\s,j = lbillp,a||^jll<?,/3- 

k 

Hence for any A; G N, A = ^ o,j9j^j with gj G and Ij G AfifD). This shows that the 

i=i 

sequence {A} lies in Aff^ifD) 0 and therefore we are done with the density. 

Furthermore, if T G (Aq(P) 0 A^('D))*, by the Hanh-Banach Theorem, there G G 
{Af{V))* that extends F with ||G|| = ||T||. By the density of Aq(T>) (g) A^(T>) in Af{V) 
and the boudedness of both F and G, we conclude that F = G € (A® (P))*. ^ 

The proof is complete. □ 

For n > ^ — 1, let us denote by Fi, the set of exponent p G [1, 00 ) such that Pi, is bounded 
on LufD). We have the following result. 

Theorem 6.82. Let n > J — l. Assume that p,q,s G Fi, and ^ = ^ + | < 1. Then the 
following assertions are equivalent. 

(i) Al{V) = Al{V)®Al{V). 

(ii) For any analytic function b on V, extends as a bounded operator from A^{V) 
to Ay (V) if and only if b is a representative of class in Bf, (V). 

Proof. We only have to take care of the implication (ii) => (i). This follows as above with 
the following lemma in place of Lemma 16.811 

Lemma 6.83. Let n > ^ — l. Assume that p,q,s G Fi, and 7 = ^ + ^ < 1. Then the 

7 h p q 

space AZifD) ^ A%{T>) is dense in Al{V) and consequently, 

{Ai{v)(^Ai{v)y d{Ai{v)y. 
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Proof of Lemma \6.8S\. Let F G Al(V), ai,a 2 > 0, and e > 0. Put a = ai + a 2 , and define 

FT' -\- IP 

F,^^{z) = F{zFiee)lA-^{——). 

We have the following facts (see the proof of [U Theorem 3.23]): 

(a) G AKV) and \\F^,a\\s,u < \\F\\s,u- 

(b) lim,^o 11^ - Fe,a\\s,u = 0. 

(c) For ai large enough, F^^ai S At{F). 

Observe also with Lemma 13.171 that for 02 large enough, /\-«2('£2±*e) is in A%{T>). Thus 

Fe,o, = F^^aiGe,a 2 , where Ge,„ 2 (z) := with \\F^,a\\s,u < \\Fe,aApAGe,a 2 \\q,u- 

Hence Af,{V) ^ A%{V) is dense in Al{V). 

That ^ A%{V))* C {Al{V))* follows as in the proof of Lemma 16.811 □ 

The proof is complete. □ 
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